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Abstract 

We study the Degrees of Freedom (DoF) of the Tf-user interference channel with coordinated multi-point (CoMP) 
transmission and reception. Each message is jointly transmitted by Mt successive transmitters, and is jointly received 
by Mr successive receivers. We refer to this channel as the CoMP channel with a transmit cooperation order of 
Mt and receive cooperation order of Mr- Since the channel has a total of K transmit antennas and K receive 
antennas, the maximum possible DoF is equal to K. We show that the CoMP channel has K DoF if and only if 
Mt + Mr > K + 1. For the general case, we derive an outer bound that states that the DoF is bounded above by 
\[K + Mt + Mr — 2)/2] . For the special case with only CoMP transmission, i.e, Mr = 1, we propose a scheme 
that can achieve [K + Mt — l)/2 DoF for all K < 10, and conjecture that the result holds true for all K . The 
achievability proofs are based on the notion of algebraic independence from algebraic geometry. 

Index Terms 

Algebraic Independence, CoMP, Interference Alignment, Jacobian Criterion, Partial Cooperation. 

I. Introduction 

Interference is identified as a major bottleneck in realizing a ubiquitous and high-speed wireless world. There 
has been considerable interest in understanding the best ways to manage interference in wireless networks. Recent 
progress lO, lU, [|5l, on Gaussian interference channels has advanced our understanding of the 

fundamental limits of communication in the presence of interference. The Gaussian interference channel has 
a finite (say K) number of transmitter-receiver pairs with each transmitter having a message desired by the 
respective receiver Among other settings, the interference channel is a good model for cellular wireless networks, 
both downlink and uplink. Even if we can determine and implement the best possible achievable schemes for 
the interference channel, the demand for wireless connectivity is likely to exceed what the physical channel 
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can offer. For this and other reasons, there has been much interest in understanding the fundamentals limits of 
cooperative interference networks. Typically cooperation requires additional infrastructure, but it could be cost- 
effective depending on the overall objective. The focus of this paper is to explore the benefits of allowing cooperation 
among the transmitters and the receivers to enable joint transmission and reception of the messages. 

Consider a scenario where the transmitters are connected to each other through a backhaul link. The transmitters 
could exchange the messages with each other through the backhaul so that multiple transmitters jointly transmit 
information to the receivers. We capture the cost of cooperation through a number Mf, called the transmit coop- 
eration order, which denotes the number of transmitters having access to each message. We refer to this channel 
as the interference channel with Coordinated Multi-Point transmission (CoMP) transmission. Note that this model 
fits well in the context of a cellular downlink with a high-speed fiber-optic or microwave backhaul connecting the 
base stations, and the acronym CoMP is widely used by the fourth generation cellular standards Q. 

Similarly, consider a scenario where the receivers are connected through a backhaul and the decoder of a 
message has the knowledge of the signals received at multiple receivers. The number M^, referred to as the receive 
cooperation order, represents the number of receivers that jointly decode each message. We refer to this channel as 
the interference channel with CoMP reception. This model fits well in the context of the cellular uplink. We could 
in general consider the interference channel with both CoMP transmission and CoMP reception. For simplicity, we 
use the term CoMP channel to denote the interference channel with CoMP transmission and CoMP reception. In 
im, a potential application for studying such a channel is presented. Consider a three-hop wireless network scenario 
with the interference channel at the center forming a bottleneck. Each transmitter has access to multiple message 
sources, where the decoder of each message has access to the signals received at multiple receivers. 

Our objective in this paper is to characterize the Degrees of Freedom (DoF) of the CoMP channel as a function 
of K, Mt and Mr- The DoF, also known as the multiplexing gain and the pre-log factor, can be interpreted as 
the total number of interference-free channels that can be created using the original channel. If a channel has DoF 
equal to d, then the sum capacity scales with SNR as ri((i log SNR). Following up on the breakthrough papers 
ID, ifTOl . m, in which the DoF of the X-Channel and the i^-user interference channel are characterized, recent 
efforts ifTTI . lfT2l . lfT3l . lfT4l have characterized the DoF of many other wireless channels. The proof techniques 
developed in the above papers are inadequate in characterizing the DoF of the CoMP channel. In references ifTSl . 
lfT6l . ifTTll . tools from Algebraic Geometry are used to determine the achievable DoF using beamforming techniques 
in MIMO interference channels (without cooperation). These concepts from algebraic geometry play a central role 
in determining the DoF of the CoMP channel. Specifically, we exploit the notion of algebraic independence of 
rational functions, and the Jacobian criterion for verifying the algebraic independence, to determine the achievable 
schemes. 



A. Organization 

The rest of the paper is organized is as follows. In Section [ll] we introduce the channel model. In Section III 



we summarize the related work. In Section IV we prove an outer bound on the DoF of the CoMP channel. In 
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Section [Vj we summarize the necessary concepts from algebraic geometry, and prove a useful technical lemma. In 
Section |VI[ we derive conditions on the transmit and receive cooperation orders such that the DoF of the CoMP 
channel is equal to K. In Sections |VII| |VIII| and |IX[ we present achievable schemes for the interference channel 
with CoMP transmission. In Section [Xj we provide some concluding remarks. 

B. Notation 

We use the following notation. For deterministic objects, we use lowercase letters for scalars, lowercase letters in 
bold font for vectors, and uppercase letters in bold font for matrices. For example, we use h to denote a deterministic 
scalar and h to denote a deterministic vector, and H to denote a deterministic matrix. For random objects, we use 
uppercase letters for scalars, and underlined uppercase letters for vectors. Random objects with superscripts denote 
sequences of the random objects in time. For example, we use X to denote a random scalar, x to denote a random 
vector, and X" and to denote the sequences of length n of the random scalars and vectors, respectively. 

Given the matrix H and the ordered sets A, B, we use H(^, B) to denote the |^| x \B\ submatrix of H obtained 
by retaining rows indexed by A and columns indexed by B. We use K. to denote the set /C = {1, 2, • • • , A'}, where 
the number K will be obvious from the context. For any m < K, we use m and k \.m io denote the sets 

fc t m = {fc, A; + 1, A; + 2, • • • , fc + m - 1} 

k \, m ~ {fc, fc — 1, fc — 2, • • • , fc — m + 1}. 
The indices are taken modulo K such that fctTO,fc|mC/C. Observe that for any two indices i,i and m < K, 
i e j t is true if and only if j <E i i m. 

II. Channel Model 

Consider transmitting K independent messages over the SISO Gaussian interference channel with K transmitters 
and K receivers: 

K 

htjXj + Z„ MieK (1) 

with an average transmit power constraint of P at each transmitter. In fact, we consider L such parallel Gaussian 
interference channels, providing the encoders and decoders an opportunity to jointly encode and jointly decode the 
messages over the L parallel channels. We can combine the L parallel channels and express them together as one 
MIMO Gaussian interference channel 

K 

= ^H,jX^- + z„Vie/c (2) 

such that the channel transfer matrices are square and diagonal. The channel transfer matrix is given by 

h,,{l) 

h,j{L) 



H, 
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where hij (£) E C denotes the complex channel coefficient from transmitter j to receiver i in the £th parallel channel. 
The reason for considering the parallel channels will be clear at a later stage. 

A. CoMP Model 

We consider transmitting K independent messages over the channel (|2]) with message Wk intended for receiver 
k. In the CoMP setup, we assume that the transmitters cooperatively transmit these messages to the receivers. For 
each k E IC, the message Wk is transmitted jointly by the transmitters from the transmit set Tk given by 

Tk^kt Mt^{k,k + l,--- ,k + Alt - 1}. (3) 

The number Mt, referred to as the transmit cooperation order, controls the level of cooperation allowed. Observe 
that this model allows for a natural transition from the interference channel with no cooperation to the broadcast 
channel with perfect cooperation; these two extreme cases can be recovered by setting Mt ~ 1 and Alt = K 
respectively. 

We now allow for receive cooperation by letting multiple receivers jointly decode messages. For each k E JC, 
we define the receive set TZk as 

nk = kt Air = {k,k + !,■■■ ,k + Mr - 1}. (4) 

The receivers in the receive set TZk jointly decode the message Wk, i.e., the decoder of message Wk has access to 
the signals {iji : i E TZk}- The number Air is referred to as the receive cooperation order. Observe that our model 
covers the interference, broadcast, multiple-access, and point-to-point channels as special cases: 

1) {Mt,Mr) = (1,1): No cooperation is allowed either at the transmitters or at the receivers, and hence we 
obtain the K-usei interference channel. 

2) {Mt,Mr) = (^i 1): All the K transmitters cooperate to jointly transmit the K messages, and hence we 
obtain a K-usei broadcast channel. 

3) (MtjMr) — {1,K): All the K receivers cooperate to jointly decode the K messages, and hence we obtain 
a K-mei multiple access channel. 

4) {Alt, Air) = {K,K): We have perfect cooperation at both the transmitters and the receivers, and hence we 
obtain a point-to-point MIMO channel with K transmit antennas and K receive antennas. 

Thus the CoMP channel is specified by the parameters K, Mt , Mr and L, denoting the number of users, transmit 
cooperation order, receive cooperation order, and the number of parallel channels, respectively. 

B. Achievable Scheme 

For each k E K,, the message Wk is transmitted jointly by the transmitters in the transmit set 71- and is jointly 
received by the receivers in the receive set TZk- A communication scheme consists of K encoders and K decoders. 
Each transmitter is associated with an encoder and each receiver is associated with a decoder We consider the 
block coding schemes with n denoting the block length. For a fixed rate tuple (i?i,i?2, • • • ,Rk) G ^+ and a 
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block length n> 1, the message Wk is selected from the set Wk = {1, 2, • • • , 2"^*}. For each j e /C, the encoder 
at transmitter j takes the available messages Wk j £ Tk as inputs and outputs the signal Xjj 

k:jeTk 

satisfying the power constraint 

E||X"||2 < nLP. 

For each k E JC, the decoder of message Wk takes the available received signals : i e TZk as inputs and and 
reconstructs the message Wk 

: c"-^l^^l ^ Wk- 

Assuming that the messages are independent and uniformly distributed, any communication scheme is associated 
with a probability of error e„, defined as max^ Pr[V|/fe ^ Wk\- A rate tuple i?2, • ' ' ; Rk) is said to be achievable 
if there exists a sequence of block codes such that e„ as n — > oo. The capacity region C{P) is defined as the 
closure of the set of achievable rate tuples. The degrees of freedom (dof) region T) is defined as the set of tuples 
d e M;^ satisfying 

w d < lim sup max 

P^oo RGC(P) logP 

for each weight vector w e M.^. 
C. Degrees of Freedom 

Let T>o¥{K, Mt, Af^, L) denote the normalized sum DoF of the CoMP channel with a transmit cooperation order 
of Alt and a receive cooperation order of Af,. normalized by the number of parallel channels L. In general, this 
number can depend on the specific realizations of channel coefficients 

h,j{£) ■.iJelC,l<e< L. 

However, we ignore this dependency because, in all the known cases, the DoF turns out to be the same for all 
generic channel coefficients. We refer the reader to Section |V] for a precise definition of the generic property. Let 
T>6P{K,Mt,Mr) denote the asymptotic normalized sum DoF, i.e., 

T>o¥{K, Mt,Mr) = limsupDoF(ii:, M^, M^, L). 

L— >-oo 

We say that the DoF is independent of the number of parallel channels L and is equal to some number if and 
only if DoF{K, Mt,Mr, L) = for all L>1. 

III. Related Work 

CoMP transmission (also known as network-MIMO, virtual-MIMO and multi-cell-MIMO) has been identified as 
one of the study items for fourth generation cellular systems such as LTE-Advanced. There has been considerable 
interest in devising practical cooperative schemes that improve on uncoordinated schemes, and in estimating the 
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tradeoff between the performance benefits and the additional overhead due to cooperation ifTSll . |fT9l . Q. Also, we 
note that CoMP transmission and reception is just one of the many possible ways for partial transmitter and receiver 
cooperation in the interference channel. In EOl . ETll . it is assumed that the nodes can both transmit and receive 
in full-duplex. In ll22l . ||23l . the presence of noise-free finite-capacity links between the transmitter nodes or the 
receiver nodes is assumed. In ll24l . the receivers are allowed to exchange the decoded messages over a backhaul 
link to enable interference cancelation. 

Special cases of the the CoMP channel have been studied in the past under different names such as cognitive 
interference channel ||25l . ||26l . ||27| . ||28ll . ||29l . interference channel with local or partial side-information 1301 . 
II3TI . interference channel with clustered decoding (Sj, or a combination of thereof ll32l . However, the DoF of the 
CoMP channel has not been determined except in some special cases: 

1) {Mt, Mr) = {K, 1): With perfect cooperation at the transmitters, we see that each parallel channel is equivalent 
to the K-usei MISO broadcast channel with K transmit antennas. Therefore, we obtain that the DoF is 
independent of L and is equal to K 1331. 041. Il35l. 

2) (Mt, Mr) — (1, K): With perfect cooperation at the receivers, we see that each parallel channel is equivalent 
to the K-usei SIMO multiple access channel with K receive antennas. Therefore, we obtain that the DoF is 
independent of L and is equal to K l36l . 

3) {Mt,Mr) = {K,K): With perfect cooperation at the transmitters and at the receivers, we see that each 
parallel channel is equivalent to the point-to-point MIMO channel with K transmit antennas and K receive 
antennas. Therefore, we obtain that the DoF is independent of L and is equal to K l37l . l38l . 

4) {Mt,Mr) = {K — 1, 1) or (l,K — 1): For the case where Mt = K - 1, and M^ = 1, each message is 
transmitted jointly using K —1 transmit antennas, hence, a zero-forcing beam vector can be used to perfectly 
null out the interference at K — I receivers. By only scheduling K — 1 users, it is clear that a sum DoF of 
K — 1 can be achieved per each parallel channel. The converse follows easily from Theorem 1 in l25l . It 
is easy to see that similar arguments with receive beamforming hold true when Mt = 1 and Mr = K — 1. 
Therefore, we obtain that the DoF is independent of L and is equal to K — 1. 

5) {Mt, Mr) = (1, 1): With no cooperation at the transmitter side or the receiver side, we see that each parallel 
channel is equivalent to the A'-user Gaussian interference channel. In |[T|, Cadambe and Jafar exploited the 
channel diversity obtained by considering the parallel channels and proposed a scheme that achieves K/2 DoF 
in an asymptotic fashion. It was already known that the DoF is upper-bounded hy K/2 ll39l . The Cadambe- 
Jafar achievable scheme is a linear beamforming scheme that operates on L-parallel Gaussian interference 
channels simultaneously to create d interference-free channels per user such that d — > L/2 as L — > 00, thus 
proving that 

DoF{K, 1, 1) = lim Kd/L = K/2. 

L—^oo 
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To summarize, we know the following results: 

' KI2 iMt,Mr) = l 

DoF{K, Mt, Mr) = <^ - 1 [Mt, Mr) ^ {K - 1, 1) or (1, - 1) 

K ma.x{Mt,Mr) ^ K. 

IV. Outer Bounds 

In this section, we derive an outer bound on the DoF as function of K, Mt and Mr- First, we present an outer 
bound on the DoF region of the CoMP channel with arbitrary transmit and receive sets, i.e., without explicitly using 
the structure of the transmit sets (|3]l and the receive sets Q. 

A. Outer Bound on DoF Region 

Theorem 1. Any point {di, d2, ■ ■ ■ , d^) in the normalized (by the number of parallel channels) DoF region of the 
CoMP channel with generic channel coefficients satisfies the inequalities: 

4 <niax(|^|,|6|),VASC/C. 

Proof Without any loss of generality, we can assume \A\ ~ \B\. Otherwise, the smaller set can be blown up 
to add more terms on the L.H.S. of (|5]l without affecting the R.H.S., resulting in an inequality that is stricter than 
what we need to prove. Now, the objective is to show that 

dk< \B\. (6) 

k:TkQA or TlkQB 

Define the subsets 

m ={Wk:Tk^A} 

Wr ={Wk:nkQB,Tk%A} 
and Wf as the set of free messages that do not appear in either of the sets Wr and Wt- The proof idea is to start 
with the signals received by the receivers B, and show that the messages Wt and Wr can be decoded using these 
\B\ received signals with Wf as side-information. For any given subset 5 C /C, we use the notation to denote 
the vector made up of the signals transmitted by the transmitters in the set S, with a similar notation used for 
and Z^. 

For each k, using Fano's inequality and the definition of the receive set TZk, we have that any reliable commu- 
nication scheme must satisfy 

^{Wu\Y^^) <ne„ 
where e„ — >^ 0, as n ^ co. Therefore, we immediately have 

H(W.|i:S)< H(T4^fc|i:g) < |W.|ne„ (7) 

k-.TZkeB 
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i.e., the messages can be decoded by the receivers B. Similarly, the messages Wt can be decoded using all the 
received signals: 

H m\Yl,Wr,Wf) < H {WtlZl) < |Wt|ne„. 

But, we need to show that the messages Wt can also be decoded by the receivers B with Wj as side-information. 
We do so by arguing that the signal contribution in can be reconstructed using Wf,Wr and Fg: 

H(Wt|rg,w,,>V/) 

< H {Wt\Y%Wr,Wf) - H {Wt\Yl,Wr,Wf) + |Wt|ne„ 
= I (Wt; ygcIZS, Wf, Wr) + \Wt\nen 

= h (ZficlZg, W/, W,) - h W., Wt) + \Wt\nen 

= h (rgcirS, W/, W,) - h (Zg.) + \Wt\nen 

< h - h (Zge) + \Wt\nen. 
Observe that, over each symbol, we have 

Y^c = H(B^ A)X^ + H(B^ A'')X^c + Z^c 

Ze = H(S, A)X^ + H{B, A')X^. + 
where we used H to denote the KL x KL channel transfer matrix from all the K transmitters to the K receivers, 
i.e.. 



H = 



H 



11 



H 



IK 



Hjfi • • • ^KK 

and 'ti{B,A) to denote the \B\L x \A\L channel transfer matrix from transmitters A to the receivers B, and 
'H.{B'^,A'^), 'H.{B,A'^) and 'H.{B'^,A) to denote appropriate submatrices. For generic channel coefficients, since we 
assumed that \A\ = \B\, the matrix 'iii{B,A) is invertible, and hence we have 

l = ZBc-H(e^^)X4c 

- H(B^^)H(B,^)-i (Fg - ^{B,A)X^c) 
= Z^c - H(B^^)H(B,^)-^Zb. 

Thus, we get 



H {yVtm,Wr,Wf) < h (t") - h (Zge) + \Wt\nen. 
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Therefore, we have 

H(W.,Wt) <H{Wr,Wt\Wf) 

= i(w.,Wt;rg|W/) + H(w,,Wt|yg,W/) 

= h(rg|W/)-h(zg) + i/(w,|yg,W/) + i7(Wt|w,,rB,W/) 

< h (rg) - h (Zg) + h (F) - h (Zg.) + {\Wt\ + |W,|)ne„. 
Observe that all the terms, except for h (Y^^), are independent of the power constraint P. Furthermore, the sequence 
yg denotes a vector of length n\B\L. Therefore, there must exist a constant c that may depend on the channel 
coefficients, but is independent of the power constraint P and the block length n such that 

H (W., Wt) < n\B\L log P + nc+{\Wt\ + | W.|)ne„. 

Therefore, any achievable rate tuple (_Ri, i?2, ■ • • , Rk) must satisfy 

^ Rk<\B\L\ogP + c 

k-.TkQA or TlkQB 

which immediately implies that any achievable DoF vector (normalized by the number of parallel channels L) must 
satisfy (|6]l. ■ 

B. Outer Bound on Sum DoF 

We use Theorem [T| to obtain an outer bound on Xio¥{K, Mt, Mr, L). Observe that an obvious outer bound given 

by 

DoF{K,Mt,Mr,L) < K 

can be obtained by setting A = B = JC. The following theorem provides a nontrivial outer bound when Mt +Mr < 
K. 



Theorem 2. The (normalized sum) DoF of the CoMP channel with generic channel coefficients satisfies 

'K + Mt + Mr-2' 
2 

When K + Mt + M^ is odd, the above outer bound can be improved to obtain 



DoF{K,Mt,Mr,L) < 



K K + Mt + Mr-3 
DoF{K,Mt,Mr,L) < ^ . 

Proof: First, observe that the stated outer bounds are weak compared to the obvious outer bound DoF{K, Mt , Mr , L) < 
K if Mt + Mr > K + 1. Therefore, we assume that Mt + Mr < K in proving the theorem. The best outer bound 
on DoF(_fir, Mt, Mr) that we can obtain using Theorem [T| is obtained by solving the linear program 

max di + d2 ■ ■ ■ + dx 

(di,--- ,dK) 

subject to the constraints Q, given by 

dk<r 

keK-.TkQA or TZkQB 
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for every A,B C IC such that |^| = \B\ = r. Since the the transmit sets (|3j and receive sets Q are symmetric 
across the transmitter and receiver indices, by appropriately averaging the above upper bound by fixing r, and 
rotating the sets A and B, we obtain the following upper bound on the normalized sum DoF: 

Kr 

DoFiK,Mt,Mr,L) < 

|k G /C : T/c C or Tcfe C B\ 

Therefore, the objective is to choose the sets A and B so that the ratio on the R.H.S. of the above inequality is 

minimized. Since Tk = k t Mt, and |^| = r, we have that 

|A: e /C : Tfc C ^1 = (r - Mt + 1)+. 

Similarly, we have that 

l/c e /C : 7^fc C 6| = (r - Mr + 1)+. 

where (a;)+ is defined as max(a;,0). Clearly, r must satisfy r < K. It can be easily argued that, without any loss 
of generality, we can also restrict r so that i — Mt + 1 > 1 and r — Mr + 1 > 1 and 2i — Mt — Mr + 2 < K. For 
any such value of r, we can choose the sets A and B to be 

A = {1,2,--- ,r} 

B = {r - Mt + 2,r - Mt + S, ■ ■ ■ ,'2r - Mt + 1}. 
so that the sets {/c G /C : Tfc C A} and {fc G /C : TZk ^ B} do not intersect. This results in the outer bound 

Kr 

DoF(K,Mt,Mr,L) < . 

^ ' ' ^ - 2r-Mt-Mr + 2 

To obtain the best possible outer bound, it is clear that we should choose r to be as high as possible while satisfying 

the conditions 2r - Mt - Mr + 2 < K and r < K. When K + Mt + Mr is even, the best is to set 

K + Mt + Mr - 2 
2 

resulting in the required outer bound T>o¥{K, Mt, Mr, L) < r. When K + Mt + Mr is odd, the best is to set 

K + Mt + Mr-3 

r ~ 

2 

resulting in the required outer bound DoF(if, Mt, Mr, L) < Kr /{K — 1). ■ 
We now prove that the outer bound in Theorem [2] is achievable in some special cases. The achievability proofs 
depend heavily on techniques from algebraic geometry. We first review these techniques and then proceed to prove 
the achievability results. 

V. Mathematical Preliminaries 
In this appendix, we present some results in algebraic geometry that are essential in proving the achievability 



results. We start by recalling some basic terminology in algebraic geometry. We refer the reader to the book ||40] 
for an excellent introduction. 
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A. Varities and Ideals 

Let C[ii,f2,''' ,^n] and C(ti,t2,''' ,in) denote the set of multivariate polynomials and rational functions, 
respectively, in the variables ii,i2,-'' , in- For any polynomials /i, /2, •• • , /,„ G C[ii,i2,-'' , in], the oj^ne var/ety 
generated by /i , /2 , • • • , /m is defined as set of points at which the polynomials vanish: 



Any subset / C C[ti, i2, • • ■ , in] is called an ideal if it satisfies the three properties 
. e /. 

• If /i,/2 e /, then /i +/2 e /. 
. If A e / and /2 e C[ii, t2, • • • , i„], then /1/2 G /. 
For any set C C", the ideal generated by A is defined as 



The Zariski topology on the affine space C" is obtained by taking the affine varieties as closed sets. For any set 
A E C", the Zariski closure A is defined as 



A set ^ C C" is said to be constmctible if it is a finite union of locally closed sets of the form U D Z with U 
closed and Z open. If ^ C C" is constructible and A = C", then A must be dense in C", i.e., A'^ QW for some 
non-trivial variety W C C". 

B. Algebraic Independence and Jacobian Criterion 

The rational functions /i, /2 • • • , /m G C(ti, t2, • • • , in) are called algebraically dependent (over C) if there exists 
a nonzero polynomial F e C[si, S2 - ■ ■ , s„i] such that /2, • • • , fm) = 0. If there exists no such annihilating 

polynomial F, then /i , A , • ' ' t fm are algebraically independent. 

Lemma 1 (Theorem 3 on page 135 of [41]). The rational functions /i,/2--- ,/m G C(ii,i2,--- ,in) are 
algebraically independent if and only if the Jacobian matrix 



has full row rank equal to m. 

The Jacobian matrix is a function of the variables ii, i2, • • • , in, and hence the Jacobian matrix can have different 
ranks at different points t e C" . The above lemma refers to the structural rank of the Jacobian matrix which is 
equal to m if and only if there exists at least one realization t e C" where the Jacobian matrix has full row rank. 



V{i) = {t e C" : f (t) = 0}. 



/(^) = {/eC[ii,i2,--- ,i„] :/(t) = OVte^}. 



For any ideal /, the affine variety generated by / is defined as 



V{I) - {t e C" : /(t) = V/ e /}. 



A^V{I{A)). 




(8) 
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C. Dominant Maps and Generic Properties 

A polynomial map f : C" — > C" is said to be dominant if the Zariski closure of the image f(C") is equal 
to C". The image of a polynomial map is constructible. Therefore, the image of a dominant polynomial map is 
dense, i.e., the complement of f(C") is contained in a non-trivial variety W C C". The implication of this is that 
the system of polynomial equations 

51 — fl{tl, ^2, • ■ ■ I tn) 

52 = f2{tl,t2, ■ ■ ■ , tn) 

(9) 



Sm — fm (^1 5 ^2 1 ' ' ' : ^n) 

has a solution t e C" for generic s, where the notion of a generic property is defined below. 

Definition 1. A property is said to true for generic s € C" if the property holds true for all s €E C™ except on a 
non-trivial qffine variety W C C™. Such a property is said be a generic property. 

For example, a generic square matrix A has full rank because A is rank deficient only when it lies on the 
affine variety generated by the polynomial /(A) = det A. If the variables are generated randomly according to a 
continuous joint distribution, then any generic property holds true with probability 1. 

Observe that the Zariski closure of the image f (C") is equal to C" if and only if the ideal / generated by the 
image set is equal to {0}. Since / is equal to the set of annihilating polynomials 

I = {Fe C[si, S2, • • • , : ^^(s) = Vs e f (C")} 

= {F e C[S1, S2, • • • , Srn] : F{fu /2, • • • , fm) = 0}, 

the map f is dominant if and only if the polynomials /i, /2, • • • , fm are algebraically independent. Thus we obtain 
the following lemma. 

Lemma 2. The system of polynomial equations (|9]l admits a solution for a generic s G C" if and only if the 
polynomials /i, /2, • ' ' i /m ore algebraically independent, i.e., if and only if the Jacobian matrix ^ has full row 
rank. 

D. A Lemma on Full-Rankness of Certain Random Matrix 

Let t e C" be a set of original variables, and let s G C™ be a set of derived variables obtained through polynomial 
transformation s = f(t) for some rational map f. Suppose we generate p instances of t 

t(l),t(2),... ,t(p) (10) 

and the corresponding p instances of s 

s(l),s(2),... Mp) 
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and generate the p x q matrix 

s(l)«i S(l)«2 ... s(l)=^' 

M = 

for some exponent vectors ai,a2, • • • ,a.q E and p > q. We are interested in determining the set of variables 
( [TO| i such that the matrix M has full column rank. If there exists an annihilating polynomial F £ C[si, S2, ■ ■ ■ , s,n] 
of the form 

Q 

ns)=^c,s-' (11) 

i=l 

such that F{fi, /2, • • • , fm) — 0, then the matrix M satisfies Mc = 0, and hence the matrix M does not have full 
column rank for any realizations of the variables ( fTO] ). Interestingly, even the converse holds true. 

Lemma 3. The matrix M has full column rank for generic realizations of the variables if and only if there 
does not exist an annihilating polynomial F of the form \\\\ satisfying F{fi, fi, - ■ ■ , fm) — 0. 

The proof is relegated to Appendix [A] If the rational functions /i,/2,- - , fm are algebraically independent, 
then there cannot exist an annihilating polynomial F (of any form) satisfying F{fi,f2, ■ ■ ■ , fm) = 0. Thus, we 
immediately have the following corollary. 

Corollary 1. The matrix M has full column rank for generic realizations of the variables ( |10| l ;/ the rational 
functions /i,/2, • ' ' i /m ^''^ algebraically independent, i.e., if the Jacobian matrix (|8]l has full row rank. 

VI. Full DoF with Partial Cooperation 



Recall from Section III that the DoF of the CoMP channel is equal to K if perfect cooperation is allowed at 



either the transmitter side or the receiver side, i.e., 

DoF{K, Mt,Mr.) =K if max(Mt, M,.) = K. 

In this section, we obtain a necessary and sufficient condition on Mt and Mr such that the DoF is equal to K. 
First, we can obtain some intuition on the condition from the outer bound in Section |IV] Observe that Theorem |2] 
says that the DoF is strictly less than K whenever Mt + Mr < K. We show that the DoF is equal to the maximum 
value K whenever Mt + Mr > K + 1. 

Theorem 3. The DoF of the CoMP channel with generic channel coefficients is independent of L, and is equal to 
K, if and only if Mt and Mr satisfy Mt + Mr > K + \; i.e., 

DoF{K, Mt, Mr) ^ Mt + Mr>K + l. 

The achievable scheme is based on the linear transmit and receive beamforming strategy over each parallel 
channel. We prove the theorem assuming L = 1, and the general case follows by treating each parallel channel 
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separately. Let V and U be the K x K matrices representing the transmit and receive beams respectively. The 
column of V (resp. U) represents the beam along which the message Wk is transmitted (resp. received). To 
comply with the physical constraints imposed by the transmit sets Q and the receive sets Q, the matrices V and 
U must satisfy 

(12) 

u,fe 7^ ^ i e 7^fe = fc t Mr. 
Let H denote the K x K channel transfer matrix. If Mt and Mr satisfy Mt + Mr > K + 1, then we prove the 
existence of V and U satisfying ([T2|, and 

U^HV = I (13) 

for a generic matrix H. Observe that the above choice for beamfroming matrices V and U achieves K DoF since 
they create K interference-free AWGN channels, one per each message, with each channel having a nonzero SNR. 
Since U and V are square matrices, it is easy to see that ( [T3| ) is equivalent to 

H~i = VU^. (14) 

Thus, it remains to show that the admits the matrix decomposition in ( [T4| l for a generic H. We now prove a 
more general result. 

A. Structural Matrix Decomposition 

Observe that the above matrix decomposition problem([T4]l is similar to the LU decomposition in the sense that we 
are interested in expressing a matrix A = H^^ as a product of two matrices V and with structural constraints 
on V and U. In the case of LU decomposition, we require that both V and U are lower triangular matrices, 
whereas in ([T4| we require V and U to satisfy the structural conditions ( [T2] i. In this section, we consider the 
general problem of structural matrix decomposition (SMD) that generalizes both ( [T2| i and LU decomposition. We 
need the following definition to formulate the SMD problem. 

Definition 2 (S-matrix). Given a matrix V and a (0, \)-matrix V of the same size, we say that V is a structural 
matrix {or S-matrix) ofV if Vij = 1 for all i,j such that Vij ^ 0. 

Example 1. Suppose V and U be transmit and receive beamforming matrices satisfying the conditions ( |12[ ) 
corresponding to the setting K = 3 and {Mt, Mr) = (2, 2). Then, the S-matrices of V and U are given by 

1 1 



U V 



(15) 



1 1 
1 1 

where the ones in the kth column of V correspond to the transmit set Tk, and the ones in the kth column of U 
correspond to the receive set TZk- 
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Definition 3 (SMD). Let A. be a square matrix, and V,U be (0, \)-matrices of same size. We say that the matrix 
A admits a structural matrix decomposition (SMD) with respect to V and U ;/ A can be factorized as 

A = VU^ 

with V and U being S-matrices of V and U respectively. 

To prove that DoF(3, 2, 2) = 3, we need to show that a generic 3x3 matrix A admits an SMD with respect to 
V and tj defined in ( fTS] ). The LU decomposition can be seen as a special case of the SMD with V and U given 
by 

'^100 

U = V= 110 . (16) 
1 1 1 

We know that a generic matrix A admits an LU decomposition, i.e., a generic matrix A admits an SMD if tJ 
and V are given by ([16]). We shall show that the same holds true even if ( [T6] l is replaced with ( fTS) . The following 
theorem provides a sufficient condition on V and U such that a generic matrix admits an SMD. 

Tlieorem 4. Suppose the K x K (0, l)-matrices V and U satisfy the conditions 

1) The diagonal entries of"V and U are nonzero. 

2) The matrix V + is a full matrix, i.e., all of its entries are nonzero. 

Then, a generic K x K matrix A admits an SMD A = VU^ with respect to the S-matrices V and tj. 

Proof: Suppose a matrix A admits an SMD A — VU^; then the decomposition is not unique since for any 
full rank diagonal matrix A, we have 

A = VU^ = (VA) (UA-i)^ . 

To avoid such degeneracy, we set Ukk = 1 for all k E K,. We now interpret A = VU^ as a system of polynomial 
equations 

a., =/y(t),Vi,je/C (17) 
where t represents those elements of V and U that can take arbitrary values, i.e., t contains the variables 

{vij : Vij = 1} U {mjj : i ^ j and Uij = 1}. (18) 

Let Ny denote the number of variables so that t e C^". Our objective is show that the system of equations ( fTT] ) 
has a solution t e C^" for a generic matrix A. From Lemma [2] in Section [v] it follows that ( [T7] l admits a solution 
for generic A if and only if the Jacobian matrix J/ of the polynomial map 



has full row rank at some point t* 
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We now prove that J f has full row rank, equal to K^, by explicitly computing the Jacobian matrix Jy at the 
point t* corresponding to U* = V* = I. Observe that the two conditions in the theorem statement ensure that for 
every i,j E JC, either Vij or Uji is a variable. Thus, > K^, which is a necessary condition for the Jacobian 
matrix to be a fat matrix, and to have full row rank. Observe that J y has full row rank if any x submatrix 
has full rank. We consider the submatrix corresponding to the variables {t^ : i.j E JC} defined such that tij 
is equal to either Vij or Uji for each z, j G JC. Consider the partial derivative 

dapq _ dfpqjt) 

dtij 

djVpiUqi) 

df 



Suppose tij = Vij-, then we see that 



dapq _ ^ d{VplUql) 

dtij dtij 



SpiSqj 



where 6ij is the Kronecker delta function, and in the last step we used the fact that the derivative is taken at the 
point t* corresponding to U* = V* = I. We obtain the same even if tij — Uji. Therefore, we get 

dapq _ I 1 if {p,q) = 
'^^ij 1 Otherwise. 

Thus, we see that the submatrix of J/ corresponding to the variables {tij} is equal to the identity matrix. Hence 
from Lemma |2] in Section |V] we conclude that a solution to exists for a generic A. ■ 

B. Proof of Tlieorem [i] 

To complete the proof of Theorem [3] we need to show that the conditions of Theorem |4] are satisfied when 
Mt + Mr > K + 1. Recall from ( [T2] l that the S-matrices V and U of the beamforming matrices V and U are 
given by 

= 1 ^ i e j t Mt 
Uij = I ^ I E j ^ Mr- 

Clearly, the diagonal entries of V and U are equal to one satisfying the first condition of Theorem |4] Since 

Mt + Mr>K + l, for any (i, j) either 

iEj^Mt^ u,j = 1 

or 

I e j I Mr ^ j eit Mr => Uji = 1. 
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This verifies that the second condition of Theorem |4] is also satisfied. Therefore, we see that the matrix H ^ admits 
SMD ( [T4] i for a generic H. This completes the proof of Theorem [3] 

C. Relation to MIMO Interference Channel and Interference Alignment 

The condition Mt + Mr > -ftT + 1 is similar to the condition obtained in ifTSl for the MIMO interference channel. 
The MIMO interference channel with Nt — Mt antennas per transmitter and Nr — Mr antennas per receiver is 
similar to the CoMP channel, in the sense that each message is transmitted and received using Mt and Mr antennas, 
respectively. The difference is that the messages in the MIMO interference channel have dedicated antennas, whereas 
the messages in the CoMP channel share antennas to mimic the MIMO interference channel. In ifTSl . Yetis et al. 
studied the feasibility of transforming the MIMO interference channel into K interference-free channels using 
transmit and receive beamforming strategies. They used Bernstein's theorem from algebraic geometry to prove that 
the beams exist if and only if Mt + Mr > K + 1. 

The common theme that leads to these results in both the cases, i.e., MIMO interference channel and CoMP 
channel, is interference alignment. It is easy to see interference alignment in action in the special case Mt = K —1 
and Mr = 2 where each decoder has access to two received signals. Out of these two dimensions, one must be 
reserved for the desired signal, meaning that the remaining K — 1 interfering signals must align and appear in the 
other direction. This process of packing the interfering signals into a smaller number of dimensions is the essence 
of interference alignment. 

The role of interference alignment can be better understood by considering the two extreme cases: {Mt, Mr) = 
{K,l) and {Mt,Mr) = (1,/^). Recall that the objective is to construct beamforming matrices satisfying the 
structural constraints and 

U^HV = I. 

When Mt = K, then V can be full matrix. Therefore, we can choose the beamforming matrices as V = H^^ 
and U = I corresponding to transmit zero-forcing. Similarly, if Mr = K, then we can choose the beamforming 
matrices as V = I and U = H^^ corresponding to receive zero-forcing. The concepts of transmit zero-forcing 
and receive zero-forcing are well understood in the communication theory literature. The reason why Mt = K or 
Mr = K works is the following. In both the cases, there are iiT — 1 additional antennas at each transmitter or 
at each receiver to avoid interference. Essentially either the transmitters or the receivers take the burden to avoid 
interference. The condition Mt + Mr > K +1 says that this burden to avoid interference does not have to be taken 
solely either by the transmitters or the receivers, but can be shared by both. In other words, interference aUgnment 
can be thought of as a generalized zero-forcing strategy that allows the burden of interference avoidance to be 
shared by the transmitters and receivers by carefully designing the beams. The disadvantage of doing so is that, 
while the design of transmit or receive zero-forcing beams requires only local channel knowledge, the design of 
interference alignment beams requires global channel knowledge and even the computational aspects become more 
complicated. Since the existence proofs are nonconstructive, it is not clear if there is any closed-form algorithm or 
even iterative algorithm to numerically compute the interference alignment beams. 
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D. Closed-Form Algorithm 

We showed that a linear beamforming strategy based on interference alignment achieves K DoF whenever 
and Mr satisfy Mt + > K + 1. The proof of Theorem [3] is not constructive. In this section, we consider the 
problem of numerical computation of interference alignment beams, i.e., computation of matrices V and U that 
satisfy the structural constraints imposed by transmit sets and receive sets, and diagonalize the channel matrix H 



U ' HV = I. 



(19) 



In the previous section, we have seen that the problem is easy if either Mt = K or Mr = K, where the beamforming 
matrices correspond to either transmit zero-forcing or receive zero-forcing. In this section, we show that there exists 
a closed form solution when Mt = A' — 1 or Mr = K — 1. Without any loss of generahty, we consider the case 
Mt — K ~ 1 and Mr — 2, and show that the closed-form solution described in Algorithm [T| satisfies the structural 
constraints and ([19]). The rest of this section focuses on justifying the steps in Algorithm [T] 

Algorithm 1 Closed Form Solution: Mt = K — 1 and Mr = 2 
1: For each k G JC, define the alignment matrix 

Bfc = H(7I-+2, 7fe+i) ^H(7A:+2,7fe) 
2: Choose Vi as an eigenvector of the matrix 

Bjs-B/f_i Bi 

3: For fc = 1, 2, • • • ,K — 1, compute 

Vfc+i = BfeVfc 

5: Compute the transmit beamforming matrix V such that 

V, = V(rfe,fc),V/ce/C. 
6: Compute the receive beamfoming matrix U = (HV)^^. 



The usual approach to solve for U and V is by first eliminating U by obtaining the necessary and sufficient 
conditions on V for an appropriate U to exist, and then solving for V. Let M denote the matrix HV. We now 
obtain the necessary and sufficient conditions on the matrix M so that its inverse M^^ = satisfies the structural 
constraints imposed by the receive sets. For example, if Mr = 2, then the receive beamforming matrix should have 
the following structure: 



U 



X 

X X 

X X 



(20) 



X X 
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The nullity theorem B2I . B3II from linear algebra is useful in obtaining the neccesary and sufficient conditions on 
M. 

Lemma 4 (Nullity Theorem). Complementary submatrices of a matrix and its inverse have the same nullity. 

Two submatrices are complementary when the row numbers not used in one are the column numbers used in the 
other. For any subsets A,B C K,, applying the Nullity Theorem to M and = M^^, we have that 

nullityM(yl,6) = nullity (6", yl") 

^ \B\ - mnkM{A,B) = {A^l - rankU(yl", S") 

^ r'AnkM{A,B) = rankU(y^^S") + \A\ + \B\ - K. 
Observe that the structural constraints on the matrix U can be described as 

rankU(7^^, fc) = 0, Vfc G K.. (21) 

By choosing A = TZ^ and B = ^ {k}, we observe that structural constraints on U are equivalent to the following 
constraints on M: 

rankM(7^fc, - {k}) = AU - 1, Vfc e /C. (22) 

Note that the above conditions are nothing but the interference alignment conditions. The matrix M = HV should 
be interpreted as the matrix containing the receive directions as the columns 



M = 



(23) 



^H(/c,ri)vi H(/c,r2)v2 ••• H(/c,rA-)v7< 

where v/j e (j^Aftxi (jgjjotes the beamforming vector corresponding to the message Wk, i.e., = V(7fe,fc). 
Consider the decoder of message Wk which has access to the signals received by the receivers TZk- The submatrix 



M(7^fe,/C) = 



H(7^fc,rl)vl H(7^fe,r2)v2 ••• n('Rk.TK)^K 



represents the matrix with the column denoting the directions along which the signals appear at the decoder k. 
Thus, we see that the condition ( |22] l is equivalent to saying that the interfering signals should occupy only il/^ — 1 
dimensions out of the available dimensions at decoder k, leaving one dimension for the signal. With this 
intuition, we could have arrived at the alignment conditions ( |22] i directly without invoking the nulhty theorem. 
However, the constraints ( |22] l do not directly lead to a closed-form solution. 

We now demonstrate the usefulness of the nullity theorem by deriving another set of equivalent conditions on M 
that immediately lead to the closed-form solution described in Algorithm [T] The crucial observation is the following. 
In the description ( |2T| , we noticed that each column of U has K ~ Mr zeros. Alternatively, we can use the fact 
that each row of U has K — Mr zeros to arrive at an alternate description of the structural constraints on U: 

rankU(fc - 1, fc t - Mr)) = 0, Vfc e JC. 
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By choosing ^ = ^ {fc — 1} and B = {k ^ K — M,.Y = ^ 1) i M^, we observe that the structural constraints 
on U are equivalent to following constraints on M: 

rank]V[(- {/c - 1} , (fc - 1) ; Mr) = Mr - 1, Vfc £ JC. 

For the special case of Mt = K — 1 and Mr = 2, we have that 71- = ^ {fc — 1} and (fc — 1) | Mr = {fc — 1, A; — 2}. 
Using the expression (|23]l for M, we see that the above conditions can be written as 



rank 



H(7fe,Tfe-i)vfe_i H(7fe,7fc-2)vfc- 



1, Vfc e /C. 



For a generic H, the submatrix H(7fe,7fc-i) is invertible, and hence the above conditions can equivalently be 
expressed as 

where Bfc_2 — H(7fe, 7fe-i)^^H(7fe, 7^-2)- Therefore, the transmit beams must be designed to satisfy 

V2 OC BiVi 
V3 CX B2V2 



vi oc Bk-vk 

The above conditions are satisfied if and only if vi is an eigenvector of the matrix B/^Bx-i • • • Bi, and Vfe+i G 
BfcVfe for fc = 2, 3, • • • , We can then compute the receive beamforming vectors by computing M = HV 
and setting U = M^^. The choice of transmit beams and the nulUty theorem ensures that the resulting receive 
beamforming matrix U has the required structure (|20|l. 



E. Numerical Results 

In this section, we consider the three-antenna system, i.e., K = 3. From Theorem [5] we have that the maximum 
3 DOF is achievable if and only if Mt + Mr > 4. We numerically verify the achievability part of the theorem 
by showing that 3 DoF is achievable when Mt + Mr > 4. Without any loss of generality, we only consider the 
two settings {Mt,Mr) ~ (3,1) and {Alt, Mr) — (2,2) because the other settings can be shown to follow from 
these two settings. In Figure [T| we plot the average achievable sum-rate, where the averaging is performed over the 
multiple realizations of the channel coefficients which are generated independently according to complex normal 
distribution. When {Mt,Mr) — (3,1), the system is equivalent to a broadcast channel, and so we use the zero 



forcing transmit beams described in Section VI-C When {Mt,Mr) = (2,2), we have that Mr = K — 1, and so 
we use the alignment scheme described in Algorithm [T] to compute the transmit and receive beams. In step 2 of 
Algorithm [T] the computation of the transmit beam vi involves computing an eigenvector of the 2x2 matrix. In 
Figure [1] we plot the two curves for the setting {Mt,Mr) = (2,2): one corresponds to arbitrary eigenvector and 
the other corresponds to best eigenvector over each channel realization. 
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Fig. 1. Achievable sum-rates in a three-antenna system with alignment schemes. 



The plots numerically verifiy that the achievable scheme described in Algorithm [T] indeed achieves 3 DoF with 
{Mt,Mr) = (2,2). Indeed, a linear growth of 10 bits/symbol in sum-rate for every 10 dB improvement in SNR 
corresponds to 

3 DoF. 



l0g2 10 

It is also interesting to see that {Mt, Mr) = (3, 1) achieves better sum-rate when compared to {Mt, Mr) ~ (2, 2). 
The performance gap is roughly 3 dB at high SNRs when arbitrary eigenvector is used, and is roughly 2 dB when 
best eigenvector is used. 

VII. DoF WITH CoMP Transmission 

In the previous sections, we derived an outer bound on the DoF and showed that the DoF is equal to the maximum 
value K if and only if Mt+Mr > K + 1. In this section, we set Mr = 1, and consider the problem of characterizing 
DoF{K, Mt, 1), the DoF of interference channel with CoMP transmission, as a function of K and Mt- From the 
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outer bound in Section IV-B we obtain that DoF{K, Mf, 1) is upper bounded as 

K + Mt-1 



DoF{K,Mt,l) < 



2 

K K + Mt-2 [K + Mt-l 
K- 1 2 - 



K + Mt is odd 
K + Mt is even. 



2 

For the achievability part, we prove the following two theorems. For any K and Mt, we propose a scheme that 
aims at achieving a DoF of {K + Mt — l)/2. A crucial part of the proof involves checking that a certain Jacobian 
matrix has full row rank. We could verify in MATLAB that the Jacobian matrix has full row rank for all the values 
of K and Mt that we checked. Specifically, we checked till if < 9, but we conjecture that the result holds true for 



any K and Mt- For more discussion on the problematic issue, we refer the reader to Section IX-D 



Theorem 5. The DoF of interference channel with CoMP transmission satisfies 
for all Mt<K< 10. 

Combining the above theorem with the outer bound, we have determined the DoF exactly when K + Mt is odd, 
and approximately when K + Mt is even (for all Mt < K < 10). For the special case of Mt = if — 2, we propose 
an achievable scheme that exactly meets the outer bound. 

Theorem 6. The DoF of interference channel with CoMP transmission with Mt — K ^ 2 satisfies 

KMt K(K-2) 

DoF(K, K -2,1)^ ^ '-. 

^ ' ' ' Mt + l K -1 

Theorem |6] is first published in |44| for the special case of K — 4 and Mt — 2 and in ll45l for the general case. 
The proofs offered in both of the above papers are not complete. The central issue is in proving that a certain 
random matrix has full rank for generic channel coefficients. In this paper, we overcome this issue by exploiting 
the notion of algebraic independence. Before proving the above theorems, we first explain the connection to the 
DoF of the MISO interference channel. 



A. Relation to MISO Interference Channel 

The MISO interference channel with Nt — Mt antennas per transmitter and the cellular uplink channel with Mt 
number of users per cell are similar to the interference channel with CoMP transmission in the sense that, in all the 
three channels, each message is transmitted using Mt antennas and received using only one antenna. The difference 
is that the messages share the antennas in the CoMP channel, whereas the messages have dedicated antennas in the 
other two channels. Both the MISO interference channel and the cellular uplink channel have the same DoF, equal 
to KMt/{Mt + 1) for all Mt < K. In comparison, we see that the interference channel with CoMP transmission 
has a smaller DoF except in the special cases where Mt € {1, if — 1, if — 2, if}. 
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Claim 1. For all Mt <^ {1, K - 2, K - 1, K}, 



DoF{K,Mt,l) < 



Proof: Suppose Mt + K is odd. Then we see that 



KMt 
Mt + 1 ■ 



, K + Mt-1 KMt 
DoF{K, Mt, 1) = — ^^r-^ < 



2 Mt + 1 

^ K{Mt + 1) + {Mt - l)(Mt + 1) < 2KMt 

^ [Mt ~ l){Mt + 1) < KiMt - 1) 

<^ Mt + 1 < K 

which is true since we assumed that Mt < K — 2. Suppose Mt + K is even; then 

K K + Mt-2 KMt 

DoF(K, Mt, 1 < — < - 

^ ' *' - X - 1 2 Mt + 1 

^ K{Mt + 1) + (Mt ~ 2){Mt + 1) < 2KMt - 2Mt 
^ {Mt - l){Mt + 2) < K{Mt - 1) 
^Mt + 2<K 

which is true since we assumed that Mt < K ~ 2. ■ 
We now proceed to prove Theorems |5] and |6] 

VIII. CoMP Transmission: Proof of Theorem|6] 

In this section, we show that the DoF of the interference channel with CoMP transmission and a transmit 
cooperation order of Alt = K — 2 and a receive cooperation order Mr = 1 is equal to 

DoF{K,K~2,l) = ■ 
^ ' ' ' Mt + 1 

The achievable scheme is based on transmit and receive beamforming. As summarized in Figure |2] the beam design 
process is broken into two steps. First, we transform each parallel CoMP channel into a derived channel. Then, 
we design an asymptotic interference alignment scheme over the derived channel achieving the requied DoF in an 
asymptotic fashion with the number of parallel channels i oo. 






Asymptotic 






lA 






Decoder 





Derived Channel 



Fig. 2. Summary of the achievable scheme. 
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A. Derived Channel 



Recall from Section VII-A that the cellular uplink channel with Mt transmitters per cell has KMt/{Mt + 1) 
DoF. Therefore, we first transform the CoMP channel into a derived channel that mimics the cellular uplink channel. 
For each k, the transmit set Tk = k ^ Mt of user k consists of Alt transmitters. We use the Alt transmitters in Ti- 
to create Alt virtual transmit nodes with inputs xj^\ xj^\ ■ ■ ■ The channel inputs of the CoMP channel 
are related to the channel inputs of the derived channel through a linear transformation. The contribution of the 
derived channel inputs x[}\ xl^\ ■ 



Xj, in the real transmit signals Xk,Xk+i, ■ ■ ■ ,Xk+Mt-i is defined by 



a Alt X Mt beamforming matrix; i.e.. 



X, 



k+Mt-l 



X 
X 



(1) 
fe 

(2) 



X 



{Mt. 



where * represents the contribution from the derived channel inputs of other users. Thus, we see that the beamforming 
matrices Vi, V2, • • • , V^^^, which will be specified later, define the transformation from the original channel to the 
derived channel. The message Wk of user k is divided into Alt parts 



such that the mth part controls the derived channel input X^'"^ Thus we can treat the virtual transmit nodes as 
non-cooperative transmitters communicating to the same receiver and so this system is similar to a cellular uplink 
system with Alt trasmitters per cell: 

K Mt 

Zi,i€lC (24) 



2^ 2^ 9ik ^k 



k—l m— 1 

where ^j™^ represents the derived channel coefficient from transmitter m in cell k to the receiver in cell i. It is 
easy to see that the derived channel coefficients are related to the original channel coefficients as 



(1) (2) 

9ik 9ik 



AMt) 
Vik 



H(z,rfe)Vfe 

for all «, fc e /C, where H denotes K x K channel transfer matrix of the CoMP channel. 



B. Generic Channel Coefficients 

The derived channel ( p4j i is similar to the cellular uplink channel with K cells and Alt transmitters in each cell, 
which has KMt/{AIt + 1) DoF with generic channel coefficients B6l . A naive argument is to conclude from here 
that the derived channel, and hence the CoMP channel with generic channel coefficients, also has the same DoF. 
However, from Claim [T] in Section VII-A we know that the DoF of the CoMP channel is strictly smaller than 
K Alt /{Alt + 1)^ which means that the above naive argument has to be incorrect. 
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The reason for the failure of the above naive argument is related to the subtle concept of generic channel 
coefficients. Indeed, the derived channel has KMt/{Mt + 1) DoF with generic channel coefficients, which means 
that there exists a nonzero polynomial fg{g) in the derived channel coefficients 

g = {4"^(0 ■■^<i,J <K,l<m<Mt,l<i<L} 

such that the achievable scheme works for aU g such that /g(g) ^ 0. In the case of the cellular uplink channel, this 
statement makes sense since the coefficients g are generated by nature and hence can be assumed to be generic. 
However, in the case of the CoMP channel, nature generates the original channel coefficients {hij{l)}, denoted by 
h. The coefficients g are derived from h using rational transformations. Suppose we expand the polynomial fg in 
terms of the coefficients h to obtain the rational function fhO^) = /g(g(h)). There are two possibilities: the function 
fh is either identically equal to zero or it is nonzero. If = 0, then the achievable scheme designed for the derived 
channel with generic g may fail for all realizations of h, in which case the DoF result of the derived channel with 
generic channel coefficients cannot be directly applied to CoMP channel with generic channel coefficients. On the 
other hand, if ft is a nonzero function, then we see that the achievable scheme works for generic h, in which case 
the DoF result of the derived channel with generic channel coefficients can be directly applied to CoMP channel 
with generic channel coefficients. 

In summary, we need to be careful in applying the DoF result of the cellular uplink channel to the CoMP channel, 
and the applicabiUty of the result depends on how the derived channel coefficients are related to the original channel 
coefficients. 



C. Zero-Forcing Step 

We now specify our choice of the beamforming matrices Vi, V2, • • , V^, that define the relation of the derived 
channel coefficients to the original channel coefficients. As we shall notice later during the design of the asymptotic 
interference alignment scheme, the beamforming matrices should be chosen to minimize the number of nontrivial 
derived channel coefficients, where we say that a derived channel coefficient is trivial if it is equal to either zero or 
one. Therefore, the objective is to set as many derived channel coefficients as possible to zeros or ones. Consider 
the derived channel coefficients 



•yfe+i.fe 

9k+2,k 



(2) 

5fc+i,fc 

(2) 
9k+2,k 



9k+l,k 

AM,) 

9k+2,k 



9k+Mt,k 



H(7fc+l,7A;)Vfe. 



9k+Mt,k 9k+Mt,k 

By choosing V/j = H(7fe+i, 7fe)~^, we can set all the above mentioned derived channel coefficients to either zero 
or one. In particular, we see that for each i e Tk+i 



•Jik 



= < 



1 i = k + m 
Otherwise. 
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Since we assumed that ^ K — 2, the set Tk+i contains all the receiver indices except for fc — 1 and k. Therefore, 
we see that each transmitter X^™^ in the derived channel causes interference to only two receivers, i.e., receivers 
k + m and k — 1. Thus, the derived channel ( |24] l can be simplified as 

Mt Mt Mt 

y^ = T. 9^^^ + E ffSi^Ti + E + (25) 

m — l rn—1 m— 1 

where the coefficients and ^■'^i given by 

= H(z,7;+i)v,+i = B.ii,%+i)n{%+2,%+i)-^ 

(26) 

= H(i,7-)V, = H(z,7-)H(7-+i,7-)-^ 
Figure |3] provides a description of the derived channel for the special case of K = 4 and Mt = 2. 











s 

^ — 

^ X ' \ ■ ■" " ■' _ 
























-^"^ 









Fig. 3. The derived channel in Section [VIII-C| when X = 4 and Mt = 2. The thick green lines indicate the links carrying signal. The dashed 
and dotted red lines indicate the links carrying inteii'erence. Dotted lines indicate that the corresponding coefficients are equal to 1. 



.(1) 



D. Asymptotic Interference Alignment 

In this section, we consider L parallel derived channels and propose a scheme achieving a DoF that is arbitrary 
close to KMt/{Mt + 1) in the limit L ^ oo. We can combine the L parallel channels of (|25]l and express them 
together as 

Mt Mt Mt 

= E + E GSi^m + E + (27) 

m—l m—l m—l 
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where X "^F^ and are L X 1 column vectors and G is i x i diagonal channel transfer matrix given by 



G 



(m) 



The achievable scheme that we propose is based on the asymptotic alignment scheme introduced by Cadambe and 
Jafar in d- 

Definition 4 (Cadambe-Jafar (CJ) subspace). The order-n CJ subspace generated by the diagonal matrices 

Gi, G2, • • • , Gm 
is defined as the linear subspace spanned by the vectors 

{G^^G^^ •• - G^"! ■.a.el1and^ai< n}. 



The matrix containing these 



vectors as columns is said to be the order-n CJ matrix. 



Let V denote the order-n CJ supspace (and the corresponding matrix) generated by the nontrivial channel matrices 
carrying interference: 

{G^^l^ : z e /C, 1 < m < MJ. 

We use V as the transmit beamforming matrix at every transmitter The nice property about the CJ subspace is that 
the interference seen at any receiver is limited to the order- (n + 1) CJ subspace, denoted by INT. At receiver k, 
the desired signal streams appear along the directions 



The proposed scheme works if the receivers are able to extract out the desired signal streams free of interference, 
which is true if the matrix 



G^f*V INT 



(28) 



has full column rank for every fc G /C. For the matrix to have full column rank, the number of rows, equal 
to the number of parallel channels (L), must be greater than or equal to the number of columns. The number of 
columns in V and INT, respectively, is given by 

Hence the number of columns in Mfc is equal to Aft|V| + |INT| . We set L = Aft|V| + |INT| so that is a 
square matrix for each k E IC. Note that the matrix depends on the derived channel coefficients 



W,9^7llW ■■ I < m < Mt,l < I < K,l < e < L. 
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We need to prove that the matrices Mi, • • • , Mj. have full rank for generic (original) channel coefficients 

h,j{£) ■.l<iJ<K,l<£<L. 

The proof uses techniques from algebraic geometry summarized in Section |V] Using Corollary [T] we see that the 
matrices Mi, M2, • • • , M^ have full column rank if the rational transformation ( |26] l from the original channel 
coefficients to the derived channel coefficients is such that the rational functions denoted by the variables 

9i^\9'i7l,:l<m<Mul<i<K (29) 

are algebraically independent. Before we prove the algebraic independence, we show that the proposed scheme 

achieves the required DoF. Since the derived channel has a total of KMf number of transmitters, and the proposed 

interference alignment scheme creates |V| number of interference-free AWGN channels per each transmitter, we 

obtain the following lower bound on the (normalized) DoF: 

, i^MflVI KMtlYl KMt 

DoF is:, K~2,l.L)> ^ = , , ' ' r = -iFTT- 

^ ' ' - ^- L MtV + INT Mt + 1 + ^ 



Therefore, we obtain that 



DoF(X, K -2,\)^ limsupDoF(i\:, X - 2, 1, L) 

L— )'00 

KMt 



> lim 



KMt 



n^oo Mt + 1+ 

Mt + r 

E. Proof of Algebraic Independence 

Since the achievable scheme is symmetric across the user indices, it is sufficient to prove the claim for fc = 1. 
The {K + l)Mt variables ( |29] l are rational functions of the K^ variables {hij I < i, j < K}. Let J denote the 
corresponding {K + l)Mt x K^ Jacobian matrix. From Lemma [l] the variables (|29| are algebraically independent 
if and only if the Jacobian matrix J has full row rank equal to {K + l)Mt. Let 

J[go,gi,--- ,gK;ho,hi,--- ,hif] (30) 

denote the {K + l)Mt x (K + l)Mt submatrix of J with rows corresponding to the variables go, gi, • • • , Sk and 
columns corresponding to the variables ho, hi, • • • , h^^, where 

go - [911 i9ii ,9ii ) 

si — \9i,i+i7 9i^i+ij iyi,i+i 

ho = (^11, /l22j • • • , hMtMt) 

hi = {hi^i^i, hi^i^2, ■ ■ ■ , hi^K, hi^i, • • • , hi^i^2) ■ 
We complete the claim by showing that square matrix ([30| has full rank. This is easy to verify using the symbolic 
toolbox of MATLAB for any fixed K. An analytical proof involves computing the submatrix (l30| at a specific point 
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H = A, and showing that it has full rank. Although this is true at any randomly generated A, certain choices can 
simplify the proof. We choose A to be the circulant matrix given by 

1 if j — i 01 j = i — 1 
otherwise 
For the special case of K — 4 and Alt = 2, the matrix A is given by 

10 1 
110 
110 
11 

The following claim, whose proof is relegated to Appendix |B] completes the proof of Theorem |6] 
Claim 2. The determinant of the submatrix P0|l evaluated at the point H = A is equal to ±1. 



F. Discussion 

We end the section by explaining why the proposed scheme does not extend for arbitrary Mt < K — 2. Observe 
that a straightforward extension of the achievable scheme involves the same choice of ZF transmit beams in 
Section |VIII-C| However, since Alt < K — 2, each transmitter in the derived channel now causes interference at 
K — Mf receivers, i.e., the transmitter X^™-* causes interference at the receivers k + m, k + Alt + 1, fc + Alt + 
2, • • • , k + K— 1. Since the asymptotic interference alignment scheme requires that we use all the nontrivial channel 
matrices in generating the CJ subspace, we can verify that the achievable scheme works if the rational functions 
defined by the variables 

are algebraically independent for each k E JC. The total number of rational functions is given by 

{l + {K-AIt-l)K)Mt. 

If the above number were to be greater than K^, then we can end this discussion since m > n rational functions in 
77 variables cannot be algebraically independent. But that is not the case. For example, when Alt — 2 and K = 5, 
we have 22 rational functions in 25 variables. If these rational functions were to be algebraically independent, 
then the achievable scheme generalizes achieving a DoF of K Alt /{Alt + 1)> but we know from the discussion in 



Section VII-A that the DoF is strictly less than K Alt /{Alt + 1) for all 1 < Alt < K - 2. Therefore, it must be that 
these rational functions are algebraically dependent. 

IX. CoMP Transmission: Proof of Theorem|5] 

In this section, we show that the DoF of the interference channel with CoMP transmission and with transmit 
cooperation order of Alt and a receive cooperation order of Af^ = 1 is lower-bounded by 
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We prove this by arguing that the DoF vector 



1 



1 < i < Mt - 1 



0.5 Mt <i<K 

is achievable; i.e., the first Mt — 1 users benefit from cooperation and achieve 1 degree of freedom, whereas the 
remaining K — Mt + 1 users achieve 1/2 degree of freedom just Hke in the interference channel without cooperation. 



Conceptually, the achievable scheme in this section is identical to the achievable scheme in Section |VIII| for the 
special case when Mt ~ K — 2; i.e., the achievable scheme is again based on converting the CoMP channel into 
a derived channel and then employing the asymptotic interference alignment scheme on the derived channel, as 
summarized in Figure |2] 



A. Derived Channel 



As in Section |VIII| we convert the CoMP channel into a derived channel that mimics the cellular uplink channel. 
Since our objective is to achieve a DoF vector that is asymmetric, the derived channel is also chosen to be 
asymmetric. The derived channel we consider in this section has two transmitters in each of the first Mt — 1 cells, 
and one transmitter in the remaining K — Mt + 1 cells. 



i=i 



(31) 



As in Section VIII we assume that the channel inputs of the CoMP channel are related to the channel inputs of 



the derived channel through a linear transformation. The contribution of the derived channel input xj™^ in the real 
transmit signals Xj,Xj+i^ ■ ■ ■ ,Xj+Mt-i is defined by a Mt x 1 beamforming vector, i.e., 



X., 



X 



where * represents the contribution from other derived channel inputs. It is easy to see that the derived channel 
coefficients are related to the original channel coefficients as 



(m) 



H(z,7^-)vr^ 



for alH,j e /C and appropriate m. Since we are designing the achievable scheme to achieve 1 degree of freedom 
for the first Mt — 1 users, it must be that the first Mt — 1 receivers in the derived channel do not see any interference. 



B. Zero-Frocing Step 

We now explain our choice of the beamforming vectors that ensures that the first Mt — 1 receivers do not see 
any interference. 
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det 



1 ) ZF beam design: We first describe the general idea of constructing a zero-forcing beam. Consider the problem 
of designing a zero-forcing beam v to be transmitted by n transmit antennas indexed by the set T C /C such that 
it does not cause interference at n — 1 receive antennas indexed by the set I C /C, i.e., 

H(i,r)v = 0. 

Since H(I, T) is a n — 1 x n matrix, the choice for v is unique up to a scaling factor. For any arbitrary row vector 
a of length n, we can use the Laplace expansion to expand the determinant 

H(j,r) 

a 

where Cj is the cofactor of aj, that depends only on the channel coefficients in H(I, T), and is independent of 
a. By setting the beamforming vector v as v = [ci C2 • • • c„], we see that an arbitrary receiver i sees the signal 
transmitted along the beam v with a strength equal to 

H(x,r) 
H(i,r) 

Clearly, this satisfies the zero-forcing condition H(z, T)v = for alH e I. 

2) Design of transmit beam vj^' for j > Mt: The signal xj^-* is transmitted by the M^ transmitters from the 
transmit set Tj = j \ Mf. The corresponding beam v^^^ is designed to avoid the interference at the first Mt — 1 
receivers I = 1 f {Mt — 1). Therefore, we see that the contribution of xj^^ at receiver i is given by 

4^ =detH(^,B) (32) 

where 



g = H(i,r)v = det 



= detH(JUi,70. 



B = {j,3 + l,--- ,3+Mt-l}. 

3) Design of transmit beams vj^^ and vj^^ for j < Mt: The signals xj^^ and Xj^^ are transmitted by the Mt 
transmitters from the transmit set Tj = 1 1 Mt. They must avoid interference at the Mt — 2 receivers 

X={1,2,--- + ,Mt-l}. 

Since we only need to avoid interference at Mt — 2 receivers, it is sufficient to transmit each signal from Mt — 1 
number of transmitters. We use the first Mt — 1 antennas of the transmit set Tj to transmit Xj'^\ and the last Mt — 1 
antennas of the transmit set Tj to transmit '. Thus, we obtain 



(2) 

9ij 



detli{A,Bi) 
detH(AB2) 



(33) 
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where 

^ = {1,2,--- ,j^l,j + l,Mt-l,i} 

Bi = {j, J + !,■■■ ,j + Mt-2} 

B2 = {] + l,j + lr-- ,j+Mt-l}. 
Thus, the derived channel ( |3T] l can be simpHfied as 

Z,, l<i<Mt 



- 9ii 



K 



„(2) x.(2) 
Mt-l 



(34) 



where the derived channel coefficients are as described in ( (32] i and (|33]l. Figure |4] provides a description of the 
derived channel for the special case of K = 4 and Mt — 2. We note that the derived channel in this section is a 



not a generalization, and does not specialize to the derived channel in Section VIII when Mf = K — 2. In fact, the 



achievable scheme in this section achieves fewer DoF compared to the optimal 



KMt 

Mt + 1 



DoF achieved in Section 



vm 




Fig. 4. The derived channel in Section [VII| when K = 4 and Mt = 2. The thick green lines indicate the links carrying signal. The dashed 
red lines indicate the links carrying interference. 



C. Asymptotic Interference Alignment 

In this section, we consider L parallel derived channels, and propose a scheme achieving a DoF arbitrary close 



to {K + Mt — l)/2 in the limit L ^ oo. As in Section VIII-D we can combine L parallel derived channels p4l ) 
and express them together as 



K 



G^xf> + Z^, \ <i<Mt 

Mt-l 



= E + E g!?^^^ +Z,,Mt<^<K 

i=i j=i 
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where X "^F^ and are L X 1 column vectors and G is i x i diagonal channel transfer matrix given by 



,(m) _ 



As in Section VIII-D we use V, defined as the order— n CJ subspace generated by the channel matrices carrying 
interference 



{Gg\ ■.i>Mt,3< MJ U {Gg^ : z ^ J > MJ 



(35) 



as the transmit beamforming matrix at every transmitter of the derived channel. The first Mt — 1 receivers do not see 
any interference. Therefore, for each fc < Aft, the receiver fc can decode all the desired streams free of interference 
if the matrix 



Mi 



has full column rank. Assuming that the number of rows in M^., equal to the number of parallel channels L, 
is greater than or equal to the number of columns, i.e., L > 2|V|, the matrix has full column rank for 
generic (original) channel coefficients {hij{i)} if the following claim is true. See Corollary [T| in Section |v]for an 
explanation. 



Claim 3. For each k < Mt, the polynomials denoted by the variables 
are algebraically independent. 



(36) 



For each k > Mt, the interference seen at receiver k is limited to the order— (n + 1) CJ subspace, denoted by 
INT. Therefore, the receiver k can decode all the desired streams free of interference if the matrix 



Gi^^V INT 



has full column rank. Assuming that the number of rows is greater than or equal to the number of columns, i.e., 
L > |V| + |INT|, the matrix Mj. has full column rank for generic (original) channel coefficients {hij{t)} if the 
following claim is true. 



Claim 4. For each k > Mt, the polynomials denoted by the variables 

{9kk}^ {5?, -91? ■■ * ^ J' < ^^*} U {5? : ^ > Mt,j > Mt} 
are algebraically independent. 



(37) 
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To satisfy the requirements on L, we choose L as 

L = niax(2|V|, |V| + |INT|) |V| + |INT| 

Observe that 

i-i ^ r r) - ^ r:;r 

where TV is the number of matrices ([35| used to generate the CJ subspace, and is given by 

N = 2{K- Mt + l)(Mt -1) + {K- Mt + 1){K ~ Mt) 

(38) 

- {K-Mt + l){K + Mt-2). 
Therefore, the achievable DoF is given by 

2{Mt~l)\Y\ + [K-Mt + l)\V\ 



DoF{K,Mt,l,L) > 



Therefore, we obtain that 



L 

{K + Mt-l)\V\ 
|V| + |INT| 

K + Mt - 1 

2 + 4. ■ 



DoF(i^, Mt, 1) = limsupDoF(i^, Mt, 1, L) 

L— >-oo 

^ K + Mt-l 
> lim 

n^oo 2 ^ — 



_K^Mt-\ 
~ 2 ■ 

D. Proof of Algebraic Independence 

As in Section |VIII-E| we use the Jacobian criterion to prove Claims |3] and |4] Recall that each derived channel 
coefficient is a polynomial in variables \hij : 1 < i,j,< K}. Let g denote the vector consisting of the 
polynomials specified by the derived channel coefficients in the respective claims. The exact description of the 
polynomials can be obtained from ( (32] i and ( |33| l in Section IX-B The number of polynomials in Claims [3] and 
[4] is equal to + 2 and + 1, respectively, where A^ is given by ( |38l ). From Lemma [T] in Section [V] we see 
that a collection of polynomials is algebraically independent if and only if the corresponding Jacobian matrix has 
fall row rank. It can be easily verified that A^ + 2 < K^, and hence A^ + 1 < K^, for any K and Mt, which is 
a necessary condition for the corresponding Jacobian matrices to have full row rank. It is easy to verify that the 
Jacobian matrices corresponding to the polynomials in Claims [3] and [4] have full row rank using symbolic toolbox 
of MATLAB for any fixed K and Mt- In particular, we verified that the Jacobian matrices have full row rank for 
all values of Mt < K <9. 
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X. Conclusion 

We studied the problem of characterizing the DoF of the K-mer CoMP channel with a transmit cooperation 
order of Mt and a receive cooperation order of Mr- Theorem [3] says that the DoF equals its maximal value K if 
and only if Mt + Mr > K + 1. It was known from previous work that the maximum K DoF is achievable by 
perfect cooperation at either the transmitters or the receivers, i.e., Mt = K or Air = K. Theorem |3] says that it 
is possible to achieve the maximum K DoF with only partial cooperation at both the transmitters and receivers. 
Theorem [s] says that the DoF with only CoMP transmission is roughly equal to ^ We could verify using 

MATLAB that the Theorem holds true for all values of Mt < K < 10, but we conjecture that the Theorem holds 
true for all K and Mt. 

The outer bound in Theorem |2] states that the DoF is bounded above by ^ K±Mt±Mr^~^ Since the interference 
channel with no cooperation has ^ DoF, this outer bound implies that CoMP transmission and reception does not 
yield significant DoF improvements in the large user regime where K is large compared to Mt and Mr- It is not 
clear if this pessimistic insight is fundamental or is an artifact of the choice of transmit sets ^ and receive sets 
Q. The outer bound in Theorem |2] fails if we allow the transmit and receive sets to be arbitrary but satisfying the 
cooperation order constraints, i.e, |7fe| < Mt and \Tlk\ < Mr- For the special case of CoMP transmission, i.e., with 
Mr = 1, we can use Theorem jlj to show that the DoF is outer bounded by no matter how the transmit sets 

are chosen. Theorem |6] says that this DoF is achieved using spiral transmit sets (|3]l when Mt = K ~ 2. In general, 
this may not be true, and the problem of determining the DoF with arbitrary transmit sets remain open. 

The achievability proofs in this paper are heavily dependent on concepts from algebraic geometry, specifically 
on the notion of algebraic independence of rational functions. Similar tools have recently been used in ifTSl . lfT6l . 
ifTTl to determine the feasibility of interference alignment in MIMO interference channels with no cooperation. We 
believe that these tools further our understanding of the DoF of wireless channels, and have the potential to settle 
many other feasibility questions. 

Appendix 

A. Proof of Lemma [i] 

We have already proved that M does not have full column rank if there exists an annihilating polynomial F of 
the form ( fTTj i. We now prove the converse; i.e., we assume that there does not exist an annihilating polynomial 
of the form ( [TT| ), and prove that the matrix M has full column rank for generic reaUzations of the variables ( [TO] i. 
Without any loss of generality, we assume that p — q. Otherwise, we can work with the q x q submatrix obtained 
after deleting the last q — p rows. 

Consider expanding the determinant det M in terms of the variables ( [TOj i. Since the variables s(l), s(2), • • • , s(g) 
are rational functions of t(l),t(2), • • • ,t{q) respectively, the determinant is also a rational function; i.e., 

di(t(l),t(2),... ,t(g)) 



detM 



d2(t(l),t(2),.- - ,t(g))- 



September 27. 2011 



DRAFT 



36 



The determinant can either be identically equal to zero, or a nonzero function. If the determinant is a nonzero 
function, then M has full column rank for generic realizations of the variables ( [TO| i because M is rank deficient 
only when di(t(l),t2), • • • ,t{q)) = or when (t(l),t(2), • • • ,t{q)) belongs to the affine variety V{di) C C"« 
generated by the polynomial di. 

Therefore, it remains to prove that dct M is not identically equal to zero under the assumption that no annihilating 
polynomial F of the form ( [TT| i exists. We prove this claim by induction on q. The claim is trivial to check for 
q = I. We now prove the induction step. We may assume that the determinant of the {q ~ 1) x {q ~ 1) submatrix 
M, obtained after deleting the last row and column, is a nonzero function in (t(l), t(2), • • • , t{q — 1)). Therefore, 
there must exist specific realizations 

(t(l),t(2),... ,t(g-l))-(a(l),a(2),... ,a(g-l)) (39) 

such that M has full rank. Consider the matrix M*(t) obtained from M by setting t{q) — t for each t e C". If 
detM is identically equal to zero, then the matrix M*(t) must be rank deficient for all t; i.e., there must exist 
c(t) 7^ such that M*(t)c(t) = for each t e C". Since the first q — I rows are linearly independent and do 
not depend on t, the vector c(t) = c* is unique (up to a scaling factor) and is determined by ( |39l ). Therefore, we 
have that M*(t)c* for each t e C". By expanding the last row of M*(t)c* = 0, we obtain 

^c*f(t)-'=0. 

This is a contradiction since we assumed that no annihilating polynomial of the form ( [TT| ) exists. Therefore, det M 
is not identically equal to zero and hence M has full rank for generic reahzations of the variables ( fTOl i. 

B. Appendix: Proof of Claim |2] 

In this section, we complete the proof of Theorem |6] by show that the determinant of the submatrix (|30| evaluated 
at the point H = A is equal to ±1. Recall that 

go = (9[\\9^n\ ■ ■ ■ ,9[i'^) = H(i,ri)H(r2,ri)-i 



9i%i,9i%ir ■ ■ ^9iM-i) = H(i,7^+i)H(7^+2,7^+i)"^ 

ho = (^11, ^22, • • • , hMtMt) 

hi — /ii,i+2, ■ • • , hi^K, hi^i, ■ ■ ■ , hi^i^2) — H(i, 

where the transmit set % is given by 

Let J[gi; hj] denote the submatrix of the Jacobian matrix with rows corresponding to the variables gj and columns 
corresponding to the variables hj. Then, the submatrix ([30| can be expressed as 

J[go;ho] ••• J[go;hK] 



J[gif;ho] ••• J[gA';h/f] 



(40) 
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(41) 



Differentiating = H(«, 7^+i)H(7^+2, ^ at H = A, we get 

- A(z, T^+i)A{%+2,T,+i)-'dU{T^+2, %+i)A{%+2.%+i)-\ 
The matrix A is chosen to satisfy 

A{%+2.%+i) = B, 

where B is the Alt x Mt matrix with all the diagonal and the superdiagonal entries being equal to 1. Note that 
det B = 1. For the special case of if = 4 and Mt = 2, the matrix B is given by 

1 1 

Therefore, ( |4T| i can be simplified as 

dg, = dH(i,'7-+i)B-i =dh,B-i. 

Equivalently, for each i > 1, we have 

Jfe;h,;] = B-T 

J[g,;h,] = 0,Vj^i. 
Hence, the determinant of the submatrix ( |40j l is equal to 

det J [go ; ho] / (det B ) ^ = det J [go ; ho] 



B 



We now show that det J [go; ho] = ±1. Recall from Section Vlll-C that go is related to H as 

go = (.9ll\ • • • ^) = H(i,ri)H(r2,rir^ 

Differentiating go = H(l, ri)H(r2, Ti)"^ at H = A, we get 

dgo = dH(i,ri)A(r2,ri)-i 

-A(i,ri)A(r2,ri)-MH(r2,ri)A(r2,ri)-i 
= dH(i,ri)B-i - A(i,ri)B-idH(r2,ri)B-i. 



Now, observe that 



A(i,ri)B-i 



1 ••• 



B 1 



1 -1 1 -1 ••• 
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Therefore, we get 



dgoB = dH(i,ri) - A(i,ri)B-idH(r2,ri) 

dhii dhi2 ■ ■ ■ dhi^K-2 

d/l21 d/l22 • • • dh2,K-2 

+ dhsi dh32 ■ ■ ■ dh3,K-2 



(-1)^ 



dh 



K-2,1 



dh 



K-2,2 



dh 



K-2,K-2 



dhx-i,! dhK-1,2 ■ ■ ■ dhK-\,K-2 
To determine J [go ; ho] , we are only interested in the partial derivatives with respect to the variables /ii i , /122 ) 
The contribution of dho in dgo is given by 



K-2,K-2- 



dhii 



= dho 



dh22 dhss 
1 

-1 



-(i/144 



B 



which implies that 



J[go;ho] = B-^ 



-1 



Hence, det J[go; ho] = ± det B = ±1. 
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